Lie Subalgebras, Reduction of Order, and Group-Invariant Solutions  by Govinder, K.S.
Ž .Journal of Mathematical Analysis and Applications 258, 720732 2001
doi:10.1006jmaa.2001.7513, available online at http:www.idealibrary.com on
Lie Subalgebras, Reduction of Order, and
Group-Invariant Solutions
K. S. Govinder1
School of Mathematical and Statistical Sciences, Uniersity of Natal, Durban 4041,
South Africa
E-mail: govinder@scifs1.und.ac.za
Submitted by Maria Clara Nucci
Received March 2, 2001
One of the great utilities of Lie symmetries of differential equations is in their
use to reduce the order of ordinary differential equations and partial differential
equations to ordinary differential equations. This process is guided by the Lie
algebra of the symmetries admitted by the equation under study. It is important in
these reductions to use appropriate symmetries. This will ensure that a sufficient
number remain after the initial reduction to allow subsequent reductions. By
considering two- and three-dimensional subalgebras of the Lie algebra of the
symmetries of differential equations, we indicate the fate of these symmetries
under various reductions. In doing so, it is clear as to which symmetries need be
prioritized in reduction.  2001 Academic Press
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1. INTRODUCTION
The Lie theory of extended groups applied to differential equations is
one of the more successful methods available in the field today. In the case
Ž .of ordinary differential equations ODEs , the symmetries admitted by an
Žequation can be used to reduce the order of the equation hopefully down
. Ž .to an algebraic one . For partial differential equations PDEs , Lie symme-
tries are used to reduce the equation to an ODE via appropriate reduction
 variables. These can lead to the group-invariant solutions 1 of PDEs
 which are so important today 2, 3 .
1 I thank the University of Natal and the National Research Foundation of South Africa
for their continuing support.
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There are many useful books available on the subject of Lie groups
Ž applied to differential equations of which a small selection is 4, 5, 6, 7,
.1 , so we do not delve into the theory in any great detail. It is sufficient for
us to assume that the Lie subalgebra of the symmetries of an equation has
been calculated via the Lie bracket relationships. The entire Lie algebra
need not be known.
In choosing a symmetry for reduction, we must be guided by the Lie
bracket relationships of this symmetry with the other symmetries calcu-
lated. For a 2-dimensional subalgebra of the Lie algebra of symmetries,
two possibilities exist, viz
 U , U  U 1Ž .1 2 1
Ž . Žwith  either a constant usually scaled to 1 or 0. We use U to denote thei
.symmetriesvector fields. In the case of 3-dimensional subalgebras, we
only need to consider
 U , U  U . 2Ž .1 2 3
In this case  cannot be 0. These relationships will indicate which
symmetries need to be used in the reduction so as to ensure that the
largest number of symmetries remain. This will enable the further reduc-
tion of the system.
  Ž .Olver 1, p. 149 has already considered 1 for ODEs, i.e., the fates of
ŽU and U when an ODE is reduced by U and U , respectively. In fact, he1 2 2 1
.explains the general reduction mechanism based on solvable subalgebras.
Ž .In summary and we are only concerned with point symmetries here ,
1 Ž .reduction via U results in U U prolonged once being a point symme-1 2 2
try of the reduced equation. Reduction via U , on the other hand, results2
in U 1 being a nonlocal symmetry of the reduced equation. Thus in the1
former instance, one symmetry is maintained after reduction of order,
while in the latter, both symmetries are no longer maintained: one has
Žbeen used in the reduction as before, while the other has been ‘‘lost’’ in
.the point sense .
Ž .Here we are concerned with the subalgebras that obey 2 for ODEs and
Ž . Ž .those that obey 1 and 2 for PDEs; i.e., we ponder the fates of
symmetries under reduction of order of an ODE and reduction to an ODE
of a PDE. When we talk of symmetries having ‘‘no relevance to the
reduced equation,’’ we mean that the expression obtained does not corre-
Ž .spond to a local vector field.
On a matter of notation, we use the Mubarakzyanov classification
   scheme 8 as explained in 9, 10, 11, 12 . Thus if  0, the 2-dimensional
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Ž .Lie algebra of symmetries satisfying 1 is the Abelian Lie algebra 2 A ,1
while for  0 it is the solvable Lie algebra A . In the case of ODEs, x2
and y denote independent and dependent variables, respectively. We are
concerned only with 1 1-D PDEs. In this case, x and t denote the
independent variables, while u denotes the dependent variable.
2. ORDINARY DIFFERENTIAL EQUATIONS
PROPOSITION 2.1. If
 U , U  U 3Ž .1 2 3
for  a nonzero constant, then reduction ia U will result in U 1 being a1 2
nonlocal symmetry of the reduced equation and ice ersa. U 1 will be a point3
symmetry of the reduced equation if and only if
 
U  2Cx d y  a y , 4Ž . Ž . Ž .3  x  y
where C is a constant.
Proof. Without any loss of generality, we can set

U  . 5Ž .1  x
ŽNote that here we are concerned only with Lie algebras, and so all results
.are only locally applicable. If
 
U   x , y   x , y , 6Ž . Ž . Ž .2  x  y
Ž .then 3 requires U to be of the form3
   
U   . 7Ž .3  x  x  x  y
The reduction variables implied by U are1
u y and   y 8Ž .
Ž .Under this transformation, U prolonged once becomes2
      
1 2U        y  y  y . 9Ž .2 ž / x  y  x  y  x  y  y
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For U 1 to be a point symmetry of the reduced ODE, it must have the2
form
 
X   u ,    u ,  . 10Ž . Ž . Ž .1 1 1 u  
This implies that

 0   a y 11Ž . Ž .
 x
and
   
2y   y  0; 12Ž .ž / x  y  x  y
that is,
 2  2
 0 13Ž .2  x  y x
  Bx c y , 14Ž . Ž .
where B is a constant. Therefore, U has the form2
 
U   Bx c y  a y . 15Ž . Ž . Ž .Ž .2  x  y
However, these forms for  and  reduce U to3

U  B , 16Ž .3  x
which means that we have only two independent symmetries of our
Ž . Ž . Ž .original system. Thus, for 3 to hold, both 11 and 14 cannot hold.
Therefore, U 1 cannot be a point symmetry of the reduced equation. In2
general, using
d y
 
d x
du

d x
du
x , 17Ž .H 
 U becomes a nonlocal symmetry of the reduced equation 13, 14 .2
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That reduction via U results in U becoming a nonlocal symmetry is2 1
deduced by noting that
 U , U U 18Ž .2 1 3
and applying the above reasoning.
We now consider U . The first prolongation of U 1 is3 3
   
1U  3  x  x  x  y
 2  2  2  2 
2  y  y  y . 19Ž .2 2ž / x  y  x  y  y x  x
Ž . Ž .Taking 8 and the form 10 into account, it is clear that in general, U3
does not become a point symmetry of the reduced equation; it becomes
Ž .nonlocal via 17 . However, requiring
 2
 0   a y x b y 20Ž . Ž . Ž .2 x
and
 3  3
2  0   Cx  d y x e y , 21Ž . Ž . Ž .3 2 x  x  y
where C is a constant, restricts U 1 to3
 
1U  2Cx d y  a yŽ . Ž .3  x  y
a d 
2 y  2Cy y 22Ž .ž / y  y  y
  a d 
2 a u    2C  . 23Ž . Ž .ž / u u  u  
Now U can be reduced to a point symmetry of the reduced equation and3
Ž .is given by 4 . The proof for sufficiency of U is trivial.3
Ž .It is interesting to note that if 3 holds, at best U is retained for the3
reduced equation; at worst, both U and U are ‘‘lost.’’2 3
It is natural now to consider those 3-dimensional Lie algebras that
Ž .satisfy 3 . We first complete the Lie bracket relationships of U , U ,1 2
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TABLE 1
3-dimensional Lie Algebras
Algebra Nonzero commutation relations
3 A1
 A  A U , U U1 2 1 3 1
 A U , U U3, 1 1 2 3
   A U , U U , U , U U U3, 2 1 3 1 2 3 1 2
   A U , U U , U , U U3, 3 1 3 1 2 3 2
   A U , U U , U , U U3, 4 1 3 1 2 3 2
a Ž   .    A 0 a  1 U , U U , U , U  aU3, 5 1 3 1 2 3 2
   A U , U U , U , U U3, 6 1 2 3 3 2 1
b Ž .    A b 0 U , U  bU U , U , U U  bU3, 7 1 3 1 2 2 3 1 2
Ž Ž ..      A sl 2, R U , U U , U , U U , U , U 2U3, 8 2 3 2 3 1 1 1 2 3
Ž Ž ..      A so 3 U , U U , U , U U , U , U U3, 9 1 2 3 2 3 1 3 1 2
and U :3
 U , U  2CU 24Ž .1 3 1
d  e 
2 2 2 U , U   2C x  2C dx 2Ce b  d  a2 3 ž / y  y  x
 a  b 
  2Cax b  ad a . 25Ž .ž / y  y  y
Ž .Here and in the sequel, all lower-case letters denote functions of y. In
addition to the above, one also needs to impose the condition of the
closure of the Lie algebra. However, we obviate the need for this by
directly examining the 3-dimensional Lie algebras in Table 1.
That U becomes a point symmetry of the reduced equation is due in3
Ž .fact to 24 . Thus consideration of the full 3-dimensional Lie algebra
immediately reveals those symmetries that are maintained under a reduc-
tion of order. Here, however, we are interested in whether such a deduc-
Ž .tion can be made by considering only 3 .
 A perusal of the 3-dimensional Lie algebras in Table 1 11, 12 reveals
Ž . Ž .that only A , A , A , and A admit 3 . However, 24 disallows3, 1 3, 6 3, 8 3, 9
A .3, 9
A restricts U and U to3, 1 2 3
 
U  E  ax aA 26Ž . Ž .2  x  y

U  a , 27Ž .3  y
where A and E are constants, and  1.
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A restricts U and U to3, 6 2 3
1  
U  E d y  ax aA 28Ž . Ž .H2 ž /a  x  y

U  a . 29Ž .3  y
Once again, A and E are constants and  1.
1For A , 2 and C . U is given by3, 8 22
 
2U  Cx  dx e  ax b 30Ž . Ž . Ž .2  x  y
Ž .and U is given by 4 , where3
d  e
2a 2 e b  d 31Ž .ž / y  y
Ž .and b, d, or e is given in terms of the others by the solution to
2 2 2 e  b d  e  d  e d  e d  e
2 24b  2b  2b  4bd  2b2 2ž / y  y  y  y  y  y  y  y y  y
 2e  2e  e d  e E
2 3 2bd  4be  4de  2bd  2 d2 2  y  y  y  y y  y
 b  e  b d  e  b  e  e
2 4e  2b  2 d  2b  0. 32Ž .
 y  y  y  y  y  y  y  y
Obviously all of the foregoing symmetries can be written in the canoni-
 cal forms found in 11, 12 by using suitable point transformations.
3. PARTIAL DIFFERENTIAL EQUATIONS
PROPOSITION 3.1. If two Lie point symmetries of a PDE E, say, commute
as
 U , U  U , 33Ž .1 2 1
then the reduction ariables defined by U will reduce U to a point symmetry1 2
Ž .of the ODE called N , say obtained from E ia these ariables. Howeer,1
the ariables defined by U reduce U to an expression that has no releance2 1
Ž .for the ODE called N , say obtained from E ia these reduction ariables.2
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Proof. Again we assume, without loss of generality, that

U  . 34Ž .1  x
Ž .The relationship 33 forces U to be of the form2
  
U  	 t , u   x  t , u   t , u . 35Ž . Ž . Ž . Ž .2  t  x u
The reduction variables defined by U are1
q  t , p  u ,  u p q . 36Ž . Ž .1 1 1 1
Now U becomes2
 
X  	 q , p   q , p , 37Ž . Ž . Ž .1 1 1 1 1 q  p1 1
which is a point symmetry of the ODE N obtained from the PDE E via1
Ž .36 .
To obtain the reduction variables via U requires the solution of2
d t d x du
  . 38Ž .
	 t , u  x  t , u  t , uŽ . Ž . Ž .
Ž .The first and third terms of 38 imply
du  t , uŽ .
 , 39Ž .
d t 	 t , uŽ .
which, in principle, can be solved to obtain
u f t , p 40Ž . Ž .1 2
or
p  f t , u . 41Ž . Ž .2 1
Ž . Ž .Invoking 40 into the combination of the first and second terms of 38
yields
  t , p Ž .2
q  x exp  d t  exp  d t d t .H H H2 ž / ž /	 t , p 	 t , p 	 t , pŽ . Ž . Ž .2 2 2
42Ž .
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This implies that
u f t , p q . 43Ž . Ž .Ž .1 2 2
U now becomes1
 
X  exp  d t , 44Ž .H2 ž /	 t , u  qŽ . 2
which has no relevance for the ODE N obtained from the PDE E2
Ž .via 43 .
As an aside, we note that the only instance of X having relevance for2
N is when  0. In that case,2

X  45Ž .2  q2
and
 U , U  0 46Ž .1 2
as in the ODE case.
PROPOSITION 3.2. If three point symmetries of the PDE E obey
 U , U  U 47Ž .1 2 3
Ž .for  a nonzero constant , then reduction ia ariables defined by U will1
Ž .result in neither U nor U being a point symmetry of the ODE called N, say2 3
obtained from E ia these ariables. U will be a point symmetry of N only if it2
has the form
  
U  	 t , u   t , x , u   t , u . 48Ž . Ž . Ž . Ž .2  t  x u
U will be a point symmetry of N only if it is of the form3
  
U  	 t , u   t , x , u   t , u . 49Ž . Ž . Ž . Ž .3 1 1 1 t  x u
Reduction ia ariables defined by U will yield the same result as aboe with2
U replaced by U and ice ersa.2 1
Proof. Without loss of generality, we assume that U and U have the1 2
form

U  50Ž .1  x
  
U  	 t , x , u   t , x , u   t , x , u . 51Ž . Ž . Ž . Ž .2  t  x u
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Ž .The relationship 47 requires U to be of the form3
	     
U    . 52Ž .3  x  t  x  x  x u
U defines1
q  t , p  u  u p q 53Ž . Ž .2 2 2 2
as reduction variables to obtain the ODE N from the PDE E. In general,
the transformed form of U and U will not be point symmetries of N.2 3
If 	 and  are free of the variable x, i.e.,
  
U  	 t , u   t , x , u   t , u , 54Ž . Ž . Ž . Ž .2  t  x u
then U becomes2
 
X  	 q , p   q , p 55Ž . Ž . Ž .1 2 2 2 2 q  p2 2
and is a point symmetry of N. This forces U to have the form3
 
U  , 56Ž .3  x  x
Ž Ž ..which under the transformation 53 has no relevance for N.
Ž .On the other hand, let us assume that 54 does not hold and consider
first U . For U to be a point symmetry of N, both 	 x and  x in3 3
Ž .52 must be independent of x, i.e.,
  
U  	 t , u   t , x , u   t , u . 57Ž . Ž . Ž . Ž .3 1 1 1 t  x u
This forces U to have the form2
 
U   x	 t , u  	 t , u    t , x , u d xŽ . Ž . Ž .Ž . H2 1 2 1 t  x

  x t , u   t , u , 58Ž . Ž . Ž .Ž .1 2 u
which has no relevance for N.
In an analogous way, it is easy to prove that the above result holds with
reduction via U .2
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ŽThe full Lie bracket relationships of the three symmetries taking the
Ž . Ž . Ž . .forms 50 , 54 , and 56 into account are
 2 
 U , U  59Ž .1 3 2  x x
22 2 2       
 U , U   	      , 60Ž .2 3 2 ž /ž / x  t  x  u  x  x x
Ž .in addition to 47 .
Ž . Ž . Ž . Ž . Ž .If we take 57 and 58 together with 50 , then both 47 and 59 hold,
Ž .with 60 being replaced by a more complicated expression involving the
operators  t,  x, and u. It is interesting to note that none of the
relationships above suggest that one of the symmetries U or U will2 3
become a point symmetry of the reduced ODE N. We do not have a
Ž .relationship like 24 from Section 2.
As before, we obviate the need to impose the condition of the closure of
the Lie algebra by directly examining the 3-dimensional Lie algebras in
Table 1. We observe again that the only 3-dimensional Lie algebras which
Ž .admit 47 are A , A , A , and A . A similar analysis to Section 23, 1 3, 6 3, 8 3, 9
Ž . Ž . Ž . Ž .will fix the functions in 54 , 56 , 57 , and 58 . In the case of A , the3, 1
Ž . Ž .two symmetries 54 and 56 have the forms
  
U  	 t , u  a t , u x b t , u   t , u 61Ž . Ž . Ž . Ž . Ž .2  t  x u

U  a t , u , 62Ž . Ž .3  x
where 	 , b, and  are arbitrary functions of their arguments and a satisfies
the quasi-linear PDE
ta  a  a2  0. 63Ž .t u
Ž . Ž .The results are identical if we take the symmetries 57 and 58 instead. In
the case of A , the results for A hold exactly, except that the right side3, 6 3, 1
Ž .of Eq. 63 is 1, not 0.
We consider only A , as this case was excluded in Section 2. To ensure3, 9
that
 U , U U , 64Ž .3 1 2
2 Ž .'we take 	  0,  1, and i b t , u  1 cos x b t, u sin x,Ž .
Ž .where b t, u is an arbitrary function of t and u. Unfortunately, these
Ž Ž .forms for the coefficient functions which arise whether one considers 54
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Ž . Ž . Ž ..and 56 or 57 and 58 result in U and U having no relevance for the2 3
reduced equation. Thus A is excluded again. A similar result holds3, 9
for A .3, 8
4. CONCLUSION
The results presented above show clearly the fates of point symmetries
of ODEs after reduction of order and of PDEs after reduction to ODEs. It
is hoped that this will aid practitioners in their choice of symmetries to
reduce differential equations. A proper choice will ensure the optimal
number of symmetries remain as point symmetries of the reduced equation
and thus allow for further reduction.
One may argue that there is little need for this investigation in the case
of PDEs, as one can find the optimal system of subalgebras using the
 methods indicated in 4, 6, 1, 15 . However, here we are primarily con-
cerned with the fates of symmetries. We believe that this is a stepping
stone to resolving the issue of determining a priori when one should
search for nonclassical symmetries of PDEs.
Ž .In addition, the result that the relationship 24 does not seem to be
necessary to preserve the symmetry U for PDEs is quite surprising and3
indicates a definite departure from the case of ODEs. However, when one
Ž .considers the actual 3-dimensional Lie algebras, those that admit 47
Ž . Ž .either admit a relationship like 24 A and A or force U to have a3, 1 3, 6 3
Ž .form that has no relevance for the reduced ODE A and A . We3, 8 3, 9
expect this trend to persist for higher-dimensional Lie algebras.
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